This paper presents existence, uniqueness, and continuous dependence theorems for solutions of initial-value problems for neutral-differential equations of the form *'(() = f(t, x(t), x(g(t, *)), x'W, *))), *(0) = ¡co, where/, g, and h are continuous functions with g(0, x<i)=h(0, xd) = 0. The existence of a continuous solution of the functional equation z(t) =f(t, z(h(t))) is proved as a corollary.
Introduction.
In this paper we consider the initial-value problem (IVP) for the functional-differential equation of neutral type (1) x'(t) = f(t, x(t), x(g(t, x(t))), x'(h(t, x(t)))), with the initial condition (2a) x(0) =Xo-Here/(/, x, y, z), g(t, x) and h(t, x) are continuous functions with g(0, Xo) = h(0, Xo) =0. We assume further that the algebraic equation z =/(0, Xo, Xo, z) has a real root z0, and we require that (2b) x'(0)=z".
Existence and uniqueness theorems for IVP's for equation (1) have been proved by R. D. Driver [l] for the case where h(t, x) <t, and recently by J. K. Hale and M. A. Cruz [3] provided that/ is linear in the argument x'(h(t, x)). We prove an existence theorem without these hypotheses, and a uniqueness theorem in case h is independent of x. Hale and Cruz [3] have also obtained continuity theorems for the quasilinear case mentioned above, while Driver [2] has proved a continuity theorem for IVP's for equations of the form (1) in case g and h are both independent of x, and h(t)<t for all t. We obtain here a continuous dependence result for the IVP (l)-(2a)-(2b) provided that the function h is independent of x. Finally we obtain a result on existence of continuous solutions of certain nonlinear functional equations as a corollary of our existence and uniqueness theorems.
2. Existence. Let a>0, and let J= [-a, a]. We shall make the following assumptions concerning the IVP (l)-(2a)-(2b):
(i) f(t, x, y, z) is continuous in some region in R* containing
where a, ß and Af>|z0| are positive constants. We assume that aUß/Mand thatsup(t,x,y,z)ep \f(t, x, y,z)\ <M. Thus TS,(ZSt. We note that 5e is closed, bounded and convex. Let So = n,iif>o S,. So is nonempty, closed, bounded and convex, and by the Ascoli-Arzela theorem, So is compact. Since TSt(ZSe for all e>0, TSodSo-Hence by the Schauder theorem, T has at least one fixed point z(t). Integration yields the required solution of (l)-(2a)-(2b). 3 . Uniqueness. In case h(t, x) is independent of x, we obtain the following uniqueness result:
Theorem 2. In addition to the hypotheses of Theorem 1, suppose that: Hence if 7 is sufficiently small, the mapping T is a contraction, and the statement of the theorem follows by integration.
Remark. A uniqueness theorem will follow also from the theorem in the next section. 4. Continuous dependence. For i-1, 2, consider the IVP's (l.i) Xi(t) =fi(t, Xi(t), Xi(gi(t, Xi(t))),x[(hi(t))), 
